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Abstract:
We examine the proposal by Grabowska and Kaplan (GK) to use the infinite gradient
flow in the domain-wall formulation of chiral lattice gauge theories. We consider the case of
Abelian theories in detail, for which Lüscher’s exact gauge-invariant formulation is known,
and we relate GK’s formulation to Lüscher’s one. The gradient flow can be formulated for
the admissible U(1) link fields so that it preserves their topological charges. GK’s effective
action turns out to be equal to the sum of Lüscher’s gauge-invariant effective actions for
the target Weyl fermions and the mirror "fluffy" fermions, plus the so-called measure-
term integrated along the infinite gradient flow. The measure-term current is originally a
local(analytic) and gauge-invariant functional of the admissible link field, given as a solution
to the local cohomology problem. However, with the infinite gradient flow, it gives rise to
non-local(non-analytic) vertex functions which are not suppressed exponentially at large
distance. The "fluffy" fermions remain as a source of non-local contribution, which couple
yet to the Wilson-line and magnetic-flux degrees of freedom of the dynamical link field.
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1 Introduction
In the recent proposal by Grabowska and Kaplan[1, 3] of a non-perturbative regularization
for chiral gauge theories, the authors consider the original (periodic) domain wall fermion
by Kaplan[4, 5], but coupled to the “five-dimensional” link field which is obtained by the
gradient flow[6–9] from the dynamical four-dimensional link field at the target wall toward
the mirror wall. This choice of the “five-dimensional” link field makes possible a chiral
gauge-coupling for the target and mirror walls, while keeping the system four-dimensional
and gauge-invariant.
However, there is some doubt about locality in this formulation. In the weak gauge-
coupling limit of the topologically trivial sector, the condition that the form factor of
the mirror-modes is soft enough to suppress the transverse gauge-coupling is given by∑
µ 4 sin
2(pµ/2) t  1 for all possible momenta above a certain IR cutoff. If one assumes
|pµ| ≥ pi/L where L is the linear extent of a lattice, the condition reads
√
8t  √8/pi2L
[7–9]. This apparently contradicts the other condition 1  √8t  L for that a local
composite operator of the flowed five-dimensional link field is local w.r.t. the original four-
dimensional link field. This implies that the imaginary part of the effective action, which
can be written with the local operators of the five-dimensional link field, actually contains
– 1 –
the non-local operators w.r.t. the dynamical four-dimensional link field. This is one reason
why the gauge-invariance is maintained in this formulation even when any anomalous set
of chiral-modes appear in the target wall. The fate of the non-local terms in anomaly-free
cases is not fully clarified yet.
In this paper, we examine the proposal by Grabowska and Kaplan (GK) to use the
(infinite) gradient flow in the domain-wall formulation of chiral lattice gauge theories.1
We consider the case of Abelian theories in detail, for which an exact gauge-invariant
formulation has been obtained[13] based on the Ginsparg-Wilson relation[14, 15]/the overlap
Dirac operator[16–20] and its relation to domain wall formulation has been clarified[21].
Based on these known results, we relate GK’s formulation to the exact gauge-invariant one
and examine the locality property of the former in relation to the latter. The gradient flow
can be formulated for the admissible U(1) link fields so that it preserves their topological
charges. GK’s effective action turns out to be equal to the sum of Lüscher’s gauge-invariant
effective actions for the target Weyl fermions and the mirror "fluffy" fermions, plus the so-
called measure-term integrated along the infinite gradient flow. The measure-term current
is originally a local(analytic) and gauge-invariant functional of the admissible link field,
given as a solution to the local cohomology problem. However, with the infinite gradient
flow, it gives rise to non-local(non-analytic) vertex functions Γ(k)(x1, . . . , xk) which are only
suppressed at large distance in the power of r =
∑k
i=2 |xi − x1|1 as r−(5k−4). The "fluffy"
fermions remain as a source of non-local contribution, which couple yet to the Wilson-line
and magnetic-flux degrees of freedom of the dynamical link field.
This paper is organized as follows. In section 2, we first review briefly the construction
of U(1) chiral lattice gauge theories with exact gauge invariance based on the overlap Dirac
operator/the Ginsparg-Wilson relation [13], and its relation to the domain wall fermion [21].
In section 3, we formulate the gradient flow for the admissible U(1) link fields. In section 4,
we implement the proposal by Grabowska and Kaplan using the simplified domain wall
fermion[5], and clarify its relation to Luscher’s gauge-invariant formulation. In section 5,
we discuss the issue of locality. In section 6, we conclude with some discussions.
2 Abelian chiral gauge theories on the lattice with exact gauge invariance
In this section, we first review briefly the construction of U(1) chiral lattice gauge theo-
ries with exact gauge invariance based on the overlap Dirac operator/the Ginsparg-Wilson
relation [13], and its implementation based on the domain wall fermion [21].
1 We do not consider here the so-called chiral solution of the Ginsparg-Wilson relation[2] and the related
issues[10–12]. As far as the authors understand, the chiral solution is derived by a wrong use of the
subtraction scheme which is applicable only to vector-like theories, where the sizable direct coupling among
the target wall with U(x, µ) and the mirror wall with U?(x, µ) is introduced by the use of the Pauli-Villars
spinor-boson with the anti-periodic boundary condition. In fact, even for the gradual flow, one obtains
the same chiral solution as for the sudden flow, as long as one uses the wrong subtraction scheme. See
appendix A for detail. See also section 2 about the correct use of the Pauli-Villars spinor-boson with the
anti-periodic boundary condition for chiral gauge theories.
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We consider four-dimensional U(1) gauge theories where the gauge field couples to N
left-handed Weyl fermions with charges qα satisfying the anomaly cancellation condition2,
N∑
α=1
(qα)
3 = 0. (2.2)
We assume the four-dimensional lattice of the finite size L and choose lattice units,
Γ =
{
x = (x1, x2, x3, x4) ∈ Z4 | 0 ≤ xµ < L (µ = 1, 2, 3, 4)
}
, (2.3)
and adopt the periodic boundary condition for both boson fields and fermion fields.
2.1 Gauge fields
As for the U(1) gauge fields, we require the so-called admissibility condition:
|Fµν(x)| < ,  < 1
30
for all x, µ, ν, (2.4)
where the field tensor Fµν(x) is defined from the plaquette variables,
Fµν(x) =
1
i
lnPµν(x), −pi < Fµν(x) ≤ pi, (2.5)
Pµν(x) = U(x, µ)U(x+ µˆ, ν)U(x+ νˆ, µ)
−1U(x, ν)−1, (2.6)
and  is a fix number in the range 0 <  < pi. This condition ensures that the overlap Dirac
operator[16, 17] is a smooth and local function of the gauge field if |qα| < 1/30 for all α
[22].3The admissibility condition may be imposed dynamically by choosing the following
action,
SG =
1
4g20
∑
x∈Γ
∑
µ,ν
Lµν(x), (2.7)
where
Lµν(x) =
 [Fµν(x)]2
{
1− [Fµν(x)]2 /2
}−1
if |Fµν(x)| < ,
∞ otherwise.
(2.8)
The admissible U(1) gauge fields can be classified by the magnetic fluxes,
mµν =
1
2pi
L−1∑
s,t=0
Fµν(x+ sµˆ+ tνˆ), (2.9)
which are integers independent of x. We denote the space of the admissible gauge fields
with a given magnetic flux mµν by U[m]. As a reference point in the given topological
2We also consider two-dimensional U(1) gauge theories where the gauge field couples to N left-handed
Weyl fermions with charges qα and N ′ right-handed Weyl fermions with charges q′α′ satisfying the anomaly
cancellation condition,
N∑
α=1
(qα)
2 −
N′∑
α′=1
(q′α′)
2 = 0. (2.1)
3In two dimensions, the condition reads |qα| < 2/5 for all α and |q′α′ | < 2/5 for all α′
– 3 –
sector U[m], one may introduce the gauge field which has the constant field tensor equal to
2pimµν/L
2(< ) by
V[m](x, µ) = e
− 2pii
L2
[Lδx˜µ,L−1
∑
ν>µmµν x˜ν+
∑
ν<µmµν x˜ν] (x˜µ = xµ mod L). (2.10)
Then any admissible U(1) gauge field in U[m] may be expressed as
U(x, µ) = eiA
T
µ (x) U[w](x, µ) Λ(x) Λ(x+ µˆ)
−1 V[m](x, µ), (2.11)
where ATµ (x) is the transverse vector potential satisfying
∂∗µA
T
µ (x) = 0,
∑
x∈Γ
ATµ (x) = 0, (2.12)
∂µA
T
ν (x)− ∂νATµ (x) + 2pimµν/L2 = Fµν(x), (2.13)
U[w](x, µ) represents the degrees of freedom of the Wilson lines,
U[w](x, µ) =
{
wµ if xµ = L− 1,
1 otherwise,
(2.14)
with the phase factor wµ ∈ U(1) and Λ(x) is the gauge function satisfying Λ(0) = 1.
2.2 Weyl fields
Weyl fields are introduced based on the overlap Dirac operator which satisfies the Ginsparg-
Wilson relation[16, 17] :
D =
1
2
(
1 +X
1√
X†X
)
, (2.15)
X = −γµ(∇µ −∇†µ) +
1
2
∇†µ∇µ −m0, 0 < m0 < 2. (2.16)
We first consider the overlap Dirac fields ψ(x) which carry a Dirac index s = 1, 2, 3, 4
and a flavor index α = 1, · · · , N . Each components ψα(x) couple to the U(1) link fields,
U(x, µ)qα , respectively. We assume that the lattice overlap Dirac operators D acting on
ψ(x), respectively satisfy the Ginsparg-Wilson relation,
γ5D +Dγˆ5 = 0, γˆ5 ≡ γ5(1− 2D), (2.17)
and we define the projection operators as
P± =
(
1± γ5
2
)
, Pˆ± =
(
1± γˆ5
2
)
, (2.18)
The left-handed Weyl fermions can be defined by imposing the constraints,
ψ−(x) = Pˆ−ψ(x), ψ¯−(x) = ψ¯(x)P+. (2.19)
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2.3 Gauge-invariant effective action
The gauge-invariant effective action of the overlap Weyl fermions[13] is then given by
eΓ[U ] = det(v¯kDvj), (2.20)
where {vj(x)} and {v¯k(x)} are the orthonormal chiral bases satisfying
Pˆ−vj(x) = vj(x), v¯k(x)P+ = v¯k(x), (2.21)
and {vj(x)} is specified by the following formulae: for any interpolation of the link fields
Us(x, µ) (s ∈ [0, 1]) from a reference link field U0(x, µ) to the target one U1(x, µ) = U(x, µ),
vj(x) =
{
Q1v
0
1(x)W
−1 if j = 1
Q1v
0
j (x) otherwise
(2.22)
∂sQs = [∂sPˆs, Pˆs]Qs, Q0 = 1, Pˆs = Pˆ−|U=Us , (2.23)
W = exp
{∫ 1
0
ds
∑
x∈Γ
∂sUs(x, µ)Us(x, µ)
−1 jµ(x)
}
. (2.24)
Here, the local current jµ(x) is constructed so that it satisfies the following four properties,
1. jµ(x) is defined for all admissible gauge fields and depends smoothly on the link
variables.
2. jµ(x) is gauge-invariant and transforms as an axial vector current under the lattice
symmetries.
3. The linear functional Lη =
∑
x∈Γ ηµ(x)jµ(x) is a solution of the integrability condition
δηLζ − δζLη = iTr
{
Pˆ−[δηPˆ−, δζPˆ−]
}
(2.25)
for all periodic variations ηµ(x) and ζµ(x).
4. The anomalous conservation law holds:
∂∗µjµ(x) = tr{Qγ5(1−D)(x, x)}, (2.26)
where Q = diag(q1, · · · , qN ).
2.4 Relation to five-dimensional domain wall fermion
The gauge-invariant effective action formulated by Lüscher, Γ[U ], is related to the (sub-
tracted) partition function of the domain wall fermion with a local counter term by the
following formula [21]:
eΓ[U1] eΓ[U0]
∗
= det{1− P+ + P+DQ1D0†} e−i
∫ 1
0 dsLηs (2.27)
= lim
a5→0
lim
N→∞
det (D5w −m0)|c1Dir.∣∣∣∣det (D5w −m0)|c1c−11AP ∣∣∣∣ 12
e−iC
c1
5w , (2.28)
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Figure 1. Domain wall fermion in the simpler vector-like setup
where the local counter term Cc15w is constructed from the Chern-Simon current induced by
the five-dimensional Wilson fermion as follows.
δζ{Im det(D5w −m0)|c1c
−1
2
AP } =
∑
x5∈c1c−12
∑
x∈Γ
ζa(z)ja(z), (2.29)
ja(z) = ∂
∗
bχba(z), χba(z) = −χab(z), (2.30)
Cc15w ≡
∑
x5∈c1
∑
x∈Γ
1
2
Fab(z − bˆ)χab(z − bˆ). (2.31)
Here the partition function of the domain wall fermion is defined in the interval x5 ∈
[−N + 1, N ]a5 of the extra fifth dimension (Shamir’s version; Fig 1) with the Dirichlet b.c.
ψ−(x, x5)|x5=−Na5 = 0, ψ+(x, x5)|x5=(N+1)a5 = 0, (2.32)
and that of the Pauli-Villars spinor-boson is defined in x5 ∈ [−N + 1, 3N ]a5 with the anti-
periodic one. In order to introduce chiral-asymmetric gauge interaction for the chiral zero
modes at the two boundaries x5 = −(N + 1)a5 and Na5, the link field is assumed to be
five-dimensional,
U(z, a) = {U(x, x5, µ), U5(x, x5)} , z = (x, x5), a = 1, . . . , 5, (2.33)
interpolating between the four-dimensional link fields U0(x, µ) and U1(x, µ) at the bound-
aries (Figs 2 and 3). We assume that outside the finite interpolation region x5 ∈ [−∆,∆]
(∆ < Na5) the link field does not depend on x5 and U5(x, x5) = 1. We also assume that
the five-dimensional gauge field U(z, a) is smooth enough and satisfies the bound on the
five-dimensional field strength as follows:
‖1− Pab(z)‖ < ′, ′ < 1
50
. (2.34)
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−(N + 1)a5 0 Na5−∆ ∆
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U1(x, µ)
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Figure 2. Domain wall fermion with a five-dimensional link field interpolating U0(x, µ) and U1(x, µ)
q q q q q q q q q q q q q q q q q q q q q q q q q q q q q
−(N + 1)a5 0 Na5 2Na5 3Na5−∆ ∆
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c1 - c−12 -
Figure 3. Pauli-Villars spinor-boson with a five-dimensional link field representing a closed loop
c1 c
−1
2 in the space of link fields
Since the difference of the four-dimensional gauge fields at the boundaries is estimated as
‖U0(x, µ)− U1(x, µ)‖ ' 2∆
a5
‖1− P5µ(z)‖ , (2.35)
with the five dimensional bound on the field strength, we can make the interpolation smooth
enough by taking ∆ large enough. This condition assures that the Hamiltonian defined
through the transfer matrix of the five-dimensional Wilson-Dirac fermion, H = − 1a5 lnT ,
has a finite gap and makes the limit that the size of the fifth dimension goes to infinity,
N → ∞, well-defined. Furthermore, this condition assures that the Chern-Simons current
induced from the five-dimensional Wilson-Dirac fermion,
ja(z)|AP = Tr
(
va(z)
1
D5w −m0
)∣∣∣∣
AP
, (2.36)
va(z) =
{
1
2
(−γa − 1)U(z, a)δzz1δz1+aˆ,z2
+
1
2
(−γa + 1)U(z, a)−1δzz2δz1,z2+aˆ
}
, (2.37)
is a local functional of the link field. When the anomaly cancellation condition is satisfied,
ja(z) can be written with a local and gauge-invariant anti-symmetric tensor field χab(z) as
ja(z) = ∂
∗
bχba(z), χba(z) = −χab(z). (2.38)
And this tensor field χab(z) gives the local counter term C
c1
5w.
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3 Gradient flow for the admissible U(1) link fields
For the admissible U(1) link fields, the gradient flow can be formulated so that it preserves
their topological charges. We adopt the following gradient-flow equation for the admissible
U(1) link fields,
S(Ut) = 1/(4g
2
0)
∑
x∈Γ
∑
µ,ν
Fµν(x, t)
2, (3.1)
d
dt
Ut(x, µ) = −g20[∂x,µS(Ut)]Ut(x, µ), (3.2)
where the field tensor Fµν(x, t) is defined through
Fµν(x, t) = i
−1 lnPt(x, µ, ν), −pi < Fµν(x, t) < pi, (3.3)
Pt(x, µ, ν) = Ut(x, µ)Ut(x+ µ, ν)Ut(x+ ν, µ)
−1Ut(x, ν)−1, (3.4)
and ∂x,µ is the differential operator with respect to the U(1) link variable Ut(x, µ),
∂x,µf(U) =
d
ds
f(Us)
∣∣∣∣
s=0
, Us(y, ν) =
{
eisU(x, µ) if (y, ν) = (x, µ),
U(y, ν) otherwise.
(3.5)
With this choice, the solution Ut(x, µ) preserves the admissibility condition,
|Fµν(x, t)| <  for all x, µ, ν;  < 1
30
. (3.6)
To see this fact, we first note that if we assume the Bianchi identity,
∂µFνρ(x, t) + ∂ρFµν(x, t) + ∂νFρµ(x, t) = 0, (3.7)
then, by substituting the action (3.1) into the flow equation (3.2), it follows that
d
dt
Fµν(x, t) = ∂
∗
ρ∂ρFµν(x, t), (3.8)
where ∂ρ and ∂∗ρ denote the forward and backward difference operators respectively. With
this flow equation Eq. (3.8), the admissibility condition (3.6) is preserved by the following
theorem:
Theorem 1 (maximum principle) Suppose f(x, t) is periodic with respect to x, and sat-
isfies the lattice version of the diffusion equation
d
dt
f(x, t) = ∂∗µ∂µf(x, t), (3.9)
where x ∈ Γ, t ∈ [ 0, T ]. Then f(x, t) has a maximum at t = 0,
max
x∈Γ, t∈[ 0,T ]
f(x, t) = max
x∈Γ
f(x, 0). (3.10)
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Conversely, if one is given the flow equation, Eq. (3.8), with the initial field tensor
Fµν(x, 0) satisfying the admissibility condition Eq. (3.6) and the Bianchi identity Eq. (3.7)
at t = 0, then the solution Fµν(x, t) respect these condition and identity for t > 0. From
Fµν(x, t), one can construct the transverse vector potential ATµ (x, t) by the relations (2.12),
and then the link variables Ut(x, µ) by the relation (2.11). This Ut(x, µ) satisfies the original
flow equation, Eqs. (3.2), (3.1).
It is straightforward to solve Eq. (3.8):
Fµν(x, t) = e
−tFµν(x),  = −
∑
µ
∂∗ν∂ν , (3.11)
F˜µν(p, t) = e
−pˆ2tF˜µν(p), pˆ2 =
∑
ν
[2 sin(pν/2)]
2. (3.12)
where the Fourier transformation of the field tensor is defined by
F˜µν(p, t) =
∑
x∈Γ
e−ip·xFµν(x, t), (3.13)
Fµν(x, t) = L
−4∑
x∈Γ
eip·xF˜µν(p, t). (3.14)
In the limit t→∞, only the zero mode F˜µν(0, t) remains, and we obtain
lim
t→∞Fµν(x, t) = F˜µν(0, 0) = 2pimµν/L
2, (3.15)
where mµν is the magnetic flux of the initial link variable. Accordingly, we obtain
lim
t→∞Ut(x, µ) = U[w](x, µ) Λ(x) Λ(x+ µˆ)
−1 V[m](x, µ) ≡ U?(x, µ). (3.16)
4 Proposal by Grabowska and Kaplan – Abelian case
We now implement the original proposal by Grabowska and Kaplan[1, 3] by using the
domain wall fermion defined in the interval x5 ∈ [−N,N + 1] of the extra fifth dimension
(Shamir’s version). We can define the effective action in the formulation of Grabowska and
Kaplan as
eΓGK[U ] = lim
a5→0
lim
N→∞
det (D5w −m0)|cgfDir.∣∣∣∣det (D5w −m0)|cgf c−1gfAP ∣∣∣∣ 12
(4.1)
= det{1− P+ + P+DQ1D?†}, (4.2)
where cgf denotes the five dimensional link field U(z, a) determined by the mapping
U(x, x5, µ) = Ut(x, µ)
∣∣∣
t=− 1
pˆ20
ln
[
∆+x5
2∆
], x5 ∈ [−∆,∆] ⊂ Za5, p0 = 2pi
L
(4.3)
from the infinite gradient flow for the admissible U(1) link field, Ut(x, µ) (t ∈ [0,∞]).
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By comparing with (2.27), we immediately obtain the relation of ΓGK[U ] to the gauge-
invariant effective action Γ[U ] as follows:
eΓGK[U ] = eΓ[U ] eΓ[U?]
∗
e+i
∫ 0
∞ dtLηt ,
(4.4)
or
Re(ΓGK[U ]) = Re(Γ[U ] + Γ[U?]) (4.5)
=
1
2
Tr LnD +
1
2
Tr LnD?, (4.6)
Im(ΓGK[U ]) = Im(Γ[U ]− Γ[U?]) +
∫ 0
∞
dtLηt . (4.7)
Here the variational parameter ηµ(x, t) for the gradient flow is given by
ηµ(x, t) = −i ∂tUt(x, µ)Ut(x, µ)−1
= ∂∗νFνµ(x, t) (4.8)
= e−t∂∗νFνµ(x), (4.9)
and the measure term Lηt is given by
Lηt =
∑
x∈Γ
(e−t∂∗νFνµ(x)) jµ(x)|U=Ut . (4.10)
5 Locality
In this section, we examine the locality property of the measure term contribution in
Im(ΓGK). For this purpose, we consider the topologically trivial sector in the infinite
volume limit.
The measure term current jµ(x)|U=Ut is a gauge-invariant local field of Ut(x, µ). It
can be expanded perturbatively in the power series of the flowed field tensor Fµν(x, t) =
e−tFµν(x). In the momentum space, it is given as
jµ(p) =
∑
k≥4
∫
V
(k)
µµ1ν1···µkνk(p, p1, . . . , pk−1)(2pi)
4δ(4)
( k∑
i=1
pi
) k∏
i=1
e−pˆ
2
i tF˜µiνi(pi)
d4pi
(2pi)4
, (5.1)
where the Fourier transformation is defined through
A˜µ(p) =
∑
x∈Z4
eip·xAµ(x), pµ ∈ [ 0, 2pi), (5.2)
Aµ(x) =
∫
d4p
(2pi)4
e−ip·xA˜µ(p), (5.3)
and pˆ2i =
∑
µ[2 sin((pi)µ/2)]
2. V (k)µµ1ν1···µkνk(p, p1, . . . , pk−1) are analytic functions with re-
spect to the momenta p, p1, . . . pk−1. We note that perturbation series of the current start
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from the quartic term because of the anomaly cancellation condition and the lattice sym-
metries.4
Then, substituting Eq. (5.1) to the measure term (4.10) and integrating with respect
to the flow time t, we obtain the following expression for the measure term contribution.
−
∫ 0
∞
dtLηt =
∑
k≥5
∫
V
′(k)
µ1···µk(p1, . . . , pk−1)∑k
i=1 pˆ
2
i
(2pi)4δ(4)
( k∑
i=1
pi
) k∏
i=1
A˜µi(pi)
d4pi
(2pi)4
≡
∑
k≥5
∫
Γ˜
(k)
µ1···µk(p1, . . . , pk−1)(2pi)
4δ(4)
( k∑
i=1
pi
) k∏
i=1
A˜µi(pi)
d4pi
(2pi)4
. (5.4)
Here V
′(k)
µ1···µk(p1, . . . , pk) are the products of analytic functions V
(k−1)
µµ1ν1···µk−1νk−1(p, p1, . . . , pk−1)
and (k + 2)-th degree polynomials of the momenta (pˆi)µ = 2 sin((pi)µ/2) coming from
the field tensor F˜µν(pi) = (pˆi)µA˜ν(pi) − (pˆi)νA˜µ(pi) and its derivatives in the measure
term (4.10).5 The factor 1/
∑k
i=1 pˆ
2
i comes from the infinite gradient-flow.
From this result, we note that Γ˜(k)µ1···µk(p1, . . . , pk) are (k − 1)-times differentiable func-
tions with respect to all the variables (pi)µ ∈ [ 0, 2pi). k-th derivatives of Γ˜(k)µ1···µk(p1, . . . , pk−1)
are smooth and bounded when
∑
i pˆ
2
i 6= 0. However, when
∑
i pˆ
2
i = 0, k-th derivatives are
singular as far as the accidental cancellation of V
′(k)
µ1···µk(p1, . . . , pk−1) does not happen. The
Fourier transformation of k-th derivatives of Γ˜(k)µ1···µk(p1, . . . , pk−1) are given by
(i∂(pi)µ)
αΓ˜
(k)
µ1···µk(p1, . . . , pk−1)
=
∑
x1,...,xk−1∈Z4
e−(ip1·x1+···+ipk−1·xk−1)(xi)αµΓ
(k)
µ1···µk(x1, . . . , xk−1, 0)
=
∑
n
∑
B
(k)
n
e−(ip1·x1+···+ipk−1·xk−1)(xi)αµΓ
(k)
µ1···µk(x1, . . . , xk−1, 0), (5.6)
where we take xk as the reference point, and B
(k)
n is defined by
B(k)n =
{
(x1, . . . , xk−1) ∈ Z4 × · · · × Z4 | ||x1||+ · · ·+ ||xk−1|| = n
}
. (5.7)
We note that the number of elements in a set B(k)n is estimated as follows:
4k−4∑
i=1
2i
(
4k − 4
i
)(
n− 1
i− 1
)
= O(n4k−5). (5.8)
When α ≥ k, the right-hand side of Eq. (5.6) is not absolutely convergent, and therefore
for every positive integer N , there exist n > N and x1, . . . , xk−1 such that∣∣∣Γ(k)µ1···µk(x1, . . . , xk−1, 0)∣∣∣ > cn5k−4 , (5.9)
4In two-dimensions, it starts from the cubic term.
5 At least two derivatives are necessary so that jµ(x) transforms as an axial vector under the lattice
symmetries. For example,
αβγδFαβFγδ∂
∗
µFµν∂
∗
νFρσFρσ (5.5)
is a possible term in the measure term Lη.
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where c is a positive constant independent of n and x1, . . . , xk−1. (In the two-dimensional
case, the corresponding result reads > c/n3k−2.) This inequality shows that the measure
term contribution in the imaginary part of effective action Im(ΓGK[U ]) is not exponentially
bounded and thus non-local.
We can also derive an upper bound of Γ(k)µ1···µk(x1, . . . , xk−1, 0) in the following manner.
Starting from the Fourier transformation,
Γ
(k)
µ1···µk(x1, . . . , xk−1, 0)
=
∫
d4p1
(2pi)4
· · · d
4pk−1
(2pi)4
eip1·x1+···+ipk−1·xk−1Γ˜(k)µ1···µk(p1, . . . , pk−1), (5.10)
we have
(xi)
α
µΓ
(k)
µ1···µk(x1, . . . , xk−1, 0)
=
∫
d4p1
(2pi)4
· · · d
4pk−1
(2pi)4
eip1·x1+···+ipk−1·xk−1(i∂(pi)µ)
αΓ˜
′(k)
µ1···µk(p1, . . . , pk−1), (5.11)
where α ≤ k. We note that ∫ b
a
dp eipxf(p) = O(1/x), (5.12)
where f(p) is a smooth function on [ a, b ]. Since k-th derivatives of Γ˜
′(k)
µ1···µk(p1, . . . , pk−1)
are smooth and bounded from above and below when
∑
i pˆ
2
i 6= 0, the left-hand side of
Eq. (5.11) converges as (xi)µ approaches infinity,
(xi)
α
µΓ
(k)
µ1···µk(x1, . . . , xk−1, 0)→ 0. (5.13)
Thus we have the following upper bound,
Γ
(k)
µ1···µk(x1, . . . , xk−1, 0) <
c′
||xi||k , (5.14)
where c′ is a positive constant independent of x1, . . . , xk−1.
6 Discussions
We examined the proposal by Grabowska and Kaplan (GK) to use the infinite gradient flow
in the domain-wall formulation of chiral lattice gauge theories. We considered the case of
Abelian theories and formulated the gradient flow for the admissible U(1) link fields so that
it preserves their topological charges. The GK’s effective action turns out to be equal to
the sum of the Lüscher’s gauge-invariant effective actions for the target Weyl fermions and
the mirror "fluffy" fermions, plus the so-called measure-term integrated along the infinite
gradient flow. The measure-term current is originally a local(analytic) and gauge-invariant
functional of the admissible link field. However, with the infinite gradient flow, it gives rise
to non-local(non-analytic) vertex functions which are not suppressed exponentially at large
distance. The "fluffy" fermions remains as a source of non-local contribution, which couple
yet to the Wilson-line and magnetic-flux degrees of freedom of the dynamical link field.
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The possible effect of the non-local terms which appear in the imaginary part of the
effective action, Im(ΓGK[U ]), should be examined further. In particular, there may be
some effect on the critical behavior and the continuum limit of the lattice model (cf. [23,
24]). In this respect, we note that the vertex functions are non-local due to the factor
1/
[∑k
i=1 pˆ
2
i
]
. They are singular only when all momenta vanish. Then it is not likely that
these vertex functions affect the Wilsonian renormalization group and therefore the critical
behavior of the lattice model. On the other hand, the original singularity, which appears
at the point where all momenta vanish, remains in IR. This question is a dynamical one
and would require non-perturbative and/or numerical approaches. We believe, however, it
should be addressed before considering the use of the (infinite) gradient flow method in the
construction of chiral lattice gauge theories (cf. [25, 26]).
A More on the chiral solution of the GW relation
In this appendix, we extend the derivation of the chiral solution of the Ginsparg-Wilson
relation, Dχ, for the case of sudden flow[2] to the case of gradual flow, and show that the
result of the latter is identical to the former.
In [2], the chiral solution of the Ginsparg-Wilson relation is obtained by the formula,
Dχ =
1
2
(1 + γ5Eχ) , (A.1)
where
Eχ = lim
L→∞
E(L)χ , E(L)χ =
1−∏1s=L T (s)
1 +
∏1
s=L T (s)
. (A.2)
Here the set of the link fields {U (s)(x, µ) | s = 1, · · · , L} defines the extrapolation of the
dynamical four-dimentional link variables U(x, µ) located at s = 1 by the gradient flow:
U (1)(x, µ) = U(x, µ). The link field at s = L is denoted as U(x, µ) in general, while the
fixed point of the gradient flow is denoted with the symbol ? as U?(x, µ). We note that
U(x, µ) is not necessarily equal to U?(x, µ), when the region of the extrapolation has a
finite extent (in lattice unit). We also note a useful matrix relation,
2AB
1 +AB
=
2A
1 +A
1
1 + 1−B1+B
1−A
1+A
2B
1 +B
. (A.3)
A.1 Sudden flow (to the fixed point)
First we assume
1∏
s=L
T (s) = T
L/2
 TL/2, (A.4)
and introduce

(L)
 =
1− TL/2
1 + T
L/2

, (L) =
1− TL/2
1 + TL/2
. (A.5)
Set
A = T
L/2
 , B = TL/2, (A.6)
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and use the matrix relation (A.3). Then we obtain
1− E(L)χ = (1− (L) )
1
1 + (L)
(L)

(1− (L)). (A.7)
Now we take the limit L→∞ and obtain
1− Eχ = (1− ) 1
1 + 
(1− ). (A.8)
In this result, we can replace U with U? and reproduce the original result [2],
1− Eχ = (1− ?) 1
1 + ?
(1− ). (A.9)
A.2 Gradual flow in the finite extent ∆
Next we assume
−L/2+1∏
s=∆+L/2+1
T (s) = T
L/2
 ×
1∏
s=∆
T (s)× TL/2. (A.10)
Set
A = T
L/2
 , B =
1∏
s=∆
T (s), C = TL/2, (A.11)
and use the matrix relation (A.3) twice. Then we obtain
1− E(L)χ = (1− (L) )
1
1 + 1−BC1+BC 
(L)

2BC
1 +BC
= (1− (L) ) 1
1 +
(
1− 2BC1+BC
)

(L)

2BC
1 +BC
= (1− (L) ) 1
(1 + 
(L)
 )− 2BC1+BC 
(L)

2BC
1 +BC
, (A.12)
and
2BC
1 +BC
=
2B
1 +B
1
1 + (L) 1−B1+B
(1− (L))
= 2B
1
(1 +B) + (L)(1−B)(1− 
(L))
= 2B
1
(1 + (L)) + (1− (L))B (1− 
(L))
=
2
(1 + (L))B−1 + (1− (L))(1− 
(L)). (A.13)
Combining these two results, we further obtain
1− E(L)χ = (1− (L) )
1
(1 + 
(L)
 )−
(
2
(1+(L))B−1+(1−(L))(1− (L))
)

(L)

×
2
(1 + (L))B−1 + (1− (L))(1− 
(L)). (A.14)
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By canceling the same matrix factor,
2
(1 + (L))B−1 + (1− (L)) , (A.15)
in the numerator and the denominator, we finally obtain
1− E(L)χ = (1− (L) )
2
(1 + (L))B−1(1 + (L) ) + (1− (L))(1− (L) )
(1− (L))
= (1− (L) ) 2
(1 + (L))
(∏1
s=∆ T (s)
)−1
(1 + 
(L)
 ) + (1− (L))(1− (L) )
(1− (L)).
(A.16)
Now we take the limit L→∞ with ∆ kept finite and obtain
1− Eχ = (1− ) 2
(1 + )
(∏1
s=∆ T (s)
)−1
(1 + ) + (1− )(1− )
(1− )
= 2Pˆ−
1
Pˆ+
(∏1
s=∆ T (s)
)−1
Pˆ+ + Pˆ−Pˆ−
Pˆ−. (A.17)
In the above result, if one sets ∆ = 0 or replaces the operator
∏1
s=∆ T (s) to unity, it
reproduces the result of the case of sudden flow, as it should be.
A.3 Equivalence of the two cases
The results of these two cases are actually identical. Let us introduce the chiral basis u, v
of Pˆ±, and the chiral basis u, v of Pˆ±. Then the identity operator can be expressed as
1 = uu† + vv† = uu† + vv
†
. (A.18)
With these bases, the operator in the denominator is expressed as[
Pˆ+
( 1∏
s=∆
T (s)
)−1
Pˆ+ + Pˆ−Pˆ−
]
= (uu† + vv†)
[
Pˆ+
( 1∏
s=∆
T (s)
)−1
Pˆ+ + Pˆ−Pˆ−
]
(uu† + vv
†
)
=
[
u
{
u†
( 1∏
s=∆
T (s)
)−1
u
}
u† + v
{
v†v
}
v†
]
. (A.19)
Its inverse therefore can be expressed as[
Pˆ+
( 1∏
s=∆
T (s)
)−1
Pˆ+ + Pˆ−Pˆ−
]−1
=
[
u
{
u†
( 1∏
s=∆
T (s)
)−1
u
}−1
u† + v
{
v†v
}−1
v†
]
. (A.20)
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Using this, one obtains
1− Eχ = 2 v
{
v†v
}−1
v†. (A.21)
Thus, the result for gradual flow does not actually depend on the operator
∏1
s=∆ T (s).
Therefore it is identical to that of the case of sudden flow, where the operator is set to
unity.
Since the result of the case of gradual flow is independent of
∏1
s=∆ T (s), one can take
the limit ∆→∞ or U → U?, and obtain the original result
1− Eχ = (1− ?) 1
1 + ?
(1− ) (A.22)
= 2 v?
{
v†v?
}−1
v†. (A.23)
Thus it is indeed the general result for Eχ which is valid not only for the sudden flow, but
also for the gradual flow.
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